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It is shown that the well-known LANDAu-damping entropy paradox can be resolved by considering 
a macroscopic entropy as defined by CLAUSIUS instead of the microscopic entropy defined by BOLTZ-
MANN. Although both entropy definitions are identical for equilibrium configurations, the same in 
general is not true for non-equilibrium configurations. To extend the entropy definition of CLAUSIUS 
to non-equilibrium configurations requires a generalization of the concept of temperature to non-
equilibrium configurations. A natural generalization of the concept of temperature to non-equi-
librium configurations is to put the temperature proportional to the mean square velocity fluctua-
tion. In this way a macroscopic entropy can be defined which is then proportional to the logarithm 
of the mean square velocity fluctuation. In the case of L A N D A U damping it can be shown that two 
states having the same statistical permutability and thus the same microscopic entropy may have 
different mean square velocity fluctuations. One should therefore consider, besides the microscopic 
disorder defined by BOLTZMANN, which is proportional to the logarithm of the permutability, a macro-
scopic disorder which is proportional to the logarithm of the mean square velocity fluctuation. 

In the case of LANDAU damping the microscopic entropy does not change with time; the macro-
scopic entropy, however, increases steadily with time. 

1. Introduction 

In considering waves propagating through a col-
lisionless plasma one can show the existence of a 
peculiar kind of a damping called after its dis-
coverer L A N D A U damping 1. 

L A N D A U found this damping for high-frequency 
electrostatic plasma waves. The damping mechanism, 
however, is not restricted to this particular kind of 
plasma wave, but is in fact a general property com-
mon to all kinds of plasma waves. The damping 
itself can be derived very elegantly from the so-
called B O L T Z M A N N — V L A S O V equation 2. 

The case of an electronic plasma, treated by LAN-
DAU, is distinguished by its simplicity. For this rea-
son we will restrict the following considerations to 
an electronic plasma. In the case of an electronic 
plasma, the electrons are described by a distribution 
function F(V,r,t) normalized with n being the 
number density as follows: 

n=jF dr; (dr = dvx dvy dvz) (1.1) 

and which in the absence of collisions must obey 
the collisionless B O L T Z M A N N equation: 

dF/dt = 0 (1.2) 
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In (1.3) a is an acceleration acting on the par-
ticles. In the case of electrostatic waves the accelera-

tion fl must be expressed by the force acting on the 
electrons. If cp is the scalar electric potential the 
acceleration a is then given by: 

a = - (c/m) V p . (1.4) 

We thus obtain for (1.3) : 
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0 . ( 1 . 5 ) 

V L A S O V has supplemented Eq. ( 1 . 5 ) by expres-
sing the electrostatic potential cp through the distri-
bution function: 

V2 (P = — 4 n e J F dr . (1.6) 

Eq. (1.5) together with (1.6) are called the 
B O L T Z M A N N — V L A S O V equations. The equations are 
nonlinear due to the term (e/m) \/(p-dF/dv. To 
make a simplified analysis the equations have been 
studied in the linearized approximation describing 
waves of infinitesimal amplitude. Other plasma wave 
modes can be described by a similar set of equa-
tions. To linearize the equations one puts: 

F(v,r,t)=f0(v)+f(v,r,t) (1.7) 

where / o (v ) is the equilibrium distribution and 
f{V, r, t) is considered small as compared with 
/o(t>). 

From (1.5) we obtain the linearized equation: 

3 / 
dt + v f - e - V r 3r m T 

3/o = 0 (1.8) 
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and from (1.6) : 

W = - 4 r c e J 7 d r . (1.9) 

The equilibrium charge e J /0 dr is compensated by 
the positive charge of the ions. 

Eqs. (1.8) and (1.9) form a complete set of 
equations from which the L A N D A U damping can be 
derived. 

2. Microscopic and Macroscopic Entropy 

In order to generalize the concept of entropy we 
start according to B O L T Z M A N N from the permutability 
of n particles distributed in m cells of equal size: 

JV = nl/(n1ln2l,...,nml) . (2.1) 

Taking the logarithm of (2.1) and making use of 
S T I R L I N G ' S formula, we obtain from (2.1) : 

m 
In W -= - y Hi In Hi + const. (2.2) 

i=l 

Going from a discrete distribution in different cells 
over to a continuous distribution F we can write in-
stead of (2.2) : 

In W= - (1/n) J" Fin F dt + const. (2.3) 

If we ask for the maximum of In W under the con-
straints: 

dE = \ md J V2 F dr = 0 conservation of energy, 
Sp = m Ö J V F dr = 0 conservation of momentum, 
dn = d f F dr = 0 conservation of particle 

numbers, ( 2 . 4 ) 

we obtain in general a displaced MAxwELLian velo-
city distribution describing a gas in thermodynamic 
equilibrium moving with some constant speed. In 
the case of thermodynamic equilibrium we know 
that the entropy S is connected with 1 nW b y : 

S = x\nW. (2.5) 

So that if In JV has a maximum, S must have a 
maximum. We further know that in thermodynamic 
equilibrium the entropy S according to C L A U S I U S 

can be also expressed by: 

S - S 0 = J (1 IT) dQi (2.6) 

(dQ = cv dT + pdV, entropy constant S 0 arbitrary). 

For non-equilibrium states B O L T Z M A N N defines 
the entropy by: 

H= - (x/n) j F l n F d r . (2.7) 

Comparing (2.3) with (2.5) we see that for equi-
librium configurations: 

H = S + const. (2.8) 

In B O L T Z M A N N ' S statistical concept, entropy is pro-
portional to the logarithm of the permutability which 
by itself is a measure of disorder. The question now 
arises how can different states having the same per-
mutability JV be classified as to whether having 
more or less disorder. 

Taking into account the constraint: 
m 

n= /\nt 
i=1 

we can conclude that W is a function of m — 1 vari-
ables for a given cell number m. W = const is there-
fore an equipotential curve on a m — 1 dimensional 
hypersurface. Our problem is thus equivalent with 
the question, what is the measure of order or dis-
order for different points on this equipotential 
curve. 

Speaking in terms of the distribution function F 
the question is equivalent to asking how to classify 
the disorder of two distribution functions possessing 
the same value H. This simple consideration indi-
cates that for non-equilibrium distributions a second 
kind of measure for disorder is needed to supple-
ment the microscopic disorder defined by B O L T Z M A N N 

according to Eq. (2.7). 
If we represent the hypersurface W = / ( « ; ) = const 

in a schematic way as indicated by Fig. 1, the lines 

Fig. 1. To the measure of disorder in a non-equilibrium con-
figuration. 

JV = const are lines on which H = const. For this 
reason the second measure of disorder must have 
different values at different points of the equipoten-
tial curve W = const, resp. H — const. In the case of 
complete thermodynamic equilibrium the family of 
curves JV = const (resp. H = const) degenerates into 
just one point that is the point where W = JVma,x . If 
complete thermodynamic equilibrium is reached, the 
second measure of disorder can therefore acquire just 
one value, the value at the point where JV = JVma_x. In 
thermodynamic equilibrium both measures of dis-



order should be normalized in such a way as to give 
identical results. 

An additional measure of disorder can be ob-
tained in a simple way from the entropy definition 
of C L A U S I U S given by Eq. (2.6) if the concept of 
temperature and pressure can be generalized to non-
equilibrium states so that the heat 

dQ = cvdT + pdV (2 .9) 

which is supplied to the system of particles and 
which occurs in Eq. (2.6) has a well-defined mean-
ing. 

The normalization of both measures of entropy, 
the definition of entropy by B O L T Z M A N N and the de-
finition of entropy by C L A U S I U S , can be achieved by 
a proper choice of the entropy constant in Eq. (2 ,6) 
so that in thermodynamic equilibrium the constant 
occuring in Eq. (2.8) is zero: 

H = S (thermodynamic equilibrium). (2 .10) 

For the following we define the average of some 
quantity Q by : 

<<?> = - f J V d r . ( 2 . 1 1 ) 

First we seek for a generalization of the concept 
of temperature. For a gas in thermodynamic equi-
librium and at rest the temperature is related to the 
distribution function by the equation: 

f xT=^m{v2). (2.12) 

If the gas is in thermodynamic equilibrium but mov-
ing with a constant speed, (v), that is if the distribu-
tion function is a diplaced MAXWELLian distribution 
function, the relation between temperature and dis-
tribution function is given by: 

f x T = hm[{v2)-(v)2] . (2 .13) 

The physical meaning of (2.13) is very clear. From 
the total kinetic energy \ m(v2} on has to subtract 
the kinetic energy resulting from a macroscopic 
ordered motion to obtain the disordered tempera-
ture motion. 

We will use Eq. (2.13) to define the temperature for 
a velocity distribution which must not be in thermo-
dynamic equilibrium, that is for any non-MAxwELLian 
velocity distribution. This generalized definition of 
temperature is from a physical point of view meaning-
ful because the right-hand side of (2.13) is always 
equal to the disordered kinetic energy, which is not 
connected with a ordered macroscopic motion of the 

gas. The expression in the square bracket on the 
right-hand side of Eq. (2.13) is called the mean 
square velocity fluctuation. One often writes for this 
quantity the abbreviation: 

({Av)2) = [ ( r 2 ) - ( r ) 2 ] . (2.14) 

We thus may write for ( 2 . 1 3 ) : 

f xT = £ m ( ( A v ) 2 ) . (2.15) 

Since the degree of disordered motion can be dif-
ferent in different directions the temperature should 
actually be defined by the dyadic tensor: 

\xTik = \m(AviAvk) (2 .16) 

where (AvtAvk) = {(vt-(v<)) (vk - {vk))). (2.17) 

The "total temperature" T is then equal to one third 
of the trace of this tensor: 

T = \ T i ( 2 . 1 8 ) 
and therefore: 

{AviAv1) = {{Av)2) . (2.19) 

The specific heat for a monatomic gas is given 
by S n x / 2 . Since the heat differential d() must be 
a scalar the specific heat must be also a tensor of 
second rank. Because the specific heat cannot de-
pend upon a direction it must be given by an iso-
tropic tensor: 

cvik = h n x d,k . (2.20) 

In the expression of d() we have to make for the 
change in internal energy ccdT the substitution: 

cv dT = cvlk dTik 

= ^nx d Tik dik = mn d{AViAvk) dik (2.21) 
= ^nxdT — mnd({Av)2). 

The generalization of the pressure to non-equi-
librium configurations is expressed with the same 
dyadic tensor defined by Eq. (2.17) : 

pik = mn(AviAvk). (2.22) 

From (2.16) and (2.22) follows the generalized 
equation of state: 

Pik — = nx Tik . (2.23) 
Taking the trace of (2 .23) : 

pj = =nxTii (2.24) 

we obtain a relation between the "total pressure" 
p = i Pi® and the "total temperature" T = £ T?. This 
relation is the same as for an ideal gas: 

p = nxT. (2.25) 



For the work we have to put: 
PdV = Pikdeik (2 .26) 

where e ik is the so-called deformation tensor 3 . 
Inserting (2.26) and (2.21) into (2.9) results in: 

dQ = mn dikd(Avi Avk) + {Avi Avk) de1'*] 
= mn[id{{Av)2) +{AviAvk) dfi8'*] . (2 .27) 

From this we obtain an expression for the generaliz-
ed macroscopic entropy defined by Eq. (2.6) : 

o c o f »)*>+<AviAvk)deik j — oq = o n x j (2.28) <(Jr)*> 

In the case of L A N D A U damping for electrostatic 
plasma waves, the volume between the initial and 
final state is unchanged. In order to compute the 
change in macroscopic entropy by L A N D A U damping 
the second term in the numerator of the integrand 
in (2.28) vanishes. We thus get: 

S - S 0 = f n * l n [ < ( z h ; ) 2 ) / ( ( z l i > ) 2 ) 0 ] (2 .29) 

In considering L A N D A U damping of electrostatic 
waves all quantities depend upon only one direction, 
the direction of wave propagation. For convenience 
sake, we may therefore consider as the only chang-
ing component of the temperature tensor the com-
ponent along the direction of the wave propagation. 
If the wave propagates in the x direction the distri-
bution function / then depends only upon the velo-
city component a in this direction. We thus may 
write for the temperature connected with this dis-
tribution function: 

}>x(T-T0) = $m((Au)*). (2 .30) 

In Eq. (2.30) the quantity {(Au)2) is defined as 
the mean square velocity fluctuation of the distur-
bance f(u,t) rather than F(u,t). We have brought 
the contribution of the mean square velocity fluctua-
tion resulting from / 0 ( a ) to the left-hand side by 
observing that: 

+ oo 
(mjn) J a 2 / 0 ( a ) d a . (2 .31) 

— oo 

Equation (2.31) expresses the equilibrium tempera-
ture T0 by the equilibrium distribution at t = 0 . 
We have now: 

(a2) = ( l /n) J a 2 / ( a , * ) da, 
— oo 

+ oo 

(a) = (1/n) J a / (a, t) da. 

(2 .32) 

From (1.7) and (2.7) the microscopic entropy ac-
cording to B O L T Z M A N N is given by : 

+ oo 

- (* /» ) J ( /„ + / ) ln ( / 0 + / ) da (2 .33) 
— oo 

and the macroscopic entropy according to C L A U S I U S 

from (2.29) is given by : 
m((Au)2) 

S — SQ = \nx In 1 + x T n 
(2 .34) 

3. Landau Damping for Given Initial Conditions 

Fo plane electrostatic waves, as already mention-
ed in the preceding paragraph, we can omit con-
sidering the temperature in all but one direction, 
that its the direction of wave propagation. If we 
choose the x axis along this direction and if a is 
the velocity component in this direction, we can 
write the linearized B O L T Z M A N N - V L A S O V equation as 
follows: 

dL + u dL _ Mi = 0 (3 i) 
31 3z m 3a; du 

For the equilibrium distribution / 0 ( u ) we as-
sume a M A X W E L L distribution: 

/ 0 ( a ) =(nlV2 n)(l/acop) exp{ - a 2 / 2 ( a <op)2} (3.2) 

where a is the D E B Y E length: 

a2 = xT/(4Jine2) 

and (Op the plasma frequency: 
?2 = 4 JI n e2 /m . 

(3.3) 

(3.4) 

Eq. (1.9) can be written as: 
+ oo 

329?/3X2 = — 4 n e J / da . (3.5) 

In considering a wave propagating along the x 
direction we make the F O U R I E R transform: 

f(u,x,t) = Zfk(u,t)eik* (3.6) 
k 

and a similar transformation for cp. If we drop for 
convenience sake the index k we have for the 
FouRiER-transformed equation (3.1) : 

df/dt + i ku f — i k(e/m.) cp-df0/du = 0. (3 .7) 
The electric field is expressed in terms of the 

potential (p by the equation: 

E = — \7<p (3 .8) 

3 For instance: A. SOMMERFELD, Mechanics of Deformable 
Bodies, Academic Press, New York 1950, p. 4. 



which becomes: 

Ex = E=- d<p/dx . (3.9) 

The FouRiER-transformed Eq. (3.9) is: 

E= —ikcp. (3.10) 

The FouRiER-transformed Eq. (3.5) is: 
+ 00 

k2(p = 4:Jiej fdu. ( 3 . 1 1 ) 
— oo 

We apply next on Eq. (3.7) and ( 3 . 1 1 ) a L A P L A C E 

transform in time: 

fp(u) = jf(u,t) e-P*dt, 
o 

+ ioo + £ 

f(u, t) = (1 /2 JI i) //,(») ept dp 
— !00+£ 

(3.12) 

and similarly for (p. The result upon (3.7) and 
(3.11) is: 

{p + iku) fp — i k(ejm) (pp'dfjdu = g , (3.13) 

+ oo 
k2 cpv = \n e { fp{u) du . (3.14) 

g contains the initial conditions necessary to for-
mulate the initial value problem and is given by : 

g{u)=f{u, 0 ) . (3.15) 

g{u) is thus the disturbance of the equilibrium dis-
tribution/0 (u) atf = 0. 

From (3.13) we have: 

fp(u) = 
1 

p + i ku g{u) + ik(e/m) cpp 
d/0 

du 
(3.16) 

Multiplying both sides of (3.16) with u, integrating 
over u from — oo to + oo and observing (3.14) 
we obtain for (pp: 

+ oo 

f dU J p+iku 
(3.17) 

4 7t e 
~ k2 " 

1 -

+ oo 
4 7t i e2 f d/0 du 

km J du p+iku 

If cpp is computed from (3.17) the solution can be 
inserted into (3.16) to obtain jp . By inversion of 
the L A P L A C E transform one then obtains finally 
<p{x, t) and f(u, t). 

To make a simple choice for the initial conditions 
we consider a displaced MAXwELLian and expand 
it in a T A Y L O R series: 

f0(u-u0) =/0(u) -u0-dfjdu + ... . (3.18) 

Instead of a displaced MAXWELLian we choose as the 
initial conditions only the two first terms in its 
T A Y L O R expansion. We thus have for the initial dis-
turbance g{u) : 

g{u) = -u0-dfjdu. (3.19) 

Inserting (3 .19) into (3 .16) and (3.17) results in: 

ip(") = p+iku t ~ + i k d / ' du ( 3 . 2 0 ) 

and 

<PP = 
4 7t e 

k2 

1 -

+ oo 
f d/0 du 

U0 I ; J du p+iku 
— oo 

+ oo 
4 7i i e2 f df0 du 

km J du p + iku 
— oo 

(3.21) 

For the following it is convenient to introduce the 
abbreviation: 

F(P) = 
+ oo 

4 7t i e2 (* d/0 du 
m k J du p + iku 

With this we can write for (3.20) : 

d/0 1 
fp(u) = -u0 

and for (3.21) : 

i k{e/m) cpp = 

(3.22) 

(3.23) du p + iku 1 — F(p) 

- u 0 - F ( p ) / ( l - F ( p ) ) . (3.24) 

To study the behavior for oo L A N D A U con-
tinues F ( p ) , which as a L A P L A C E transform is de-
fined only for R e p > 0 , analytically for R e p < 0 into 
the left half p plane by taking for the integral (3.22) 
a contour which keeps the pole at u = i p/k always 
on the left side of the path of integration over u 
from — oo to + oo (see Fig. 2 ) . 

u plane 

u = ip/k 

Fig. 2. Contour integration in the complex u-plane to evaluate 
integral (3.22) for Rep < 0. 

If the pole at u = ip/k is close to the real u axis 
which is the case for weak damping, L A N D A U obtains 
for F(p) : 

n / . 4 Tine2 . 4 rr2 e2 df0{ip/k) 
r ip) = ~ o +l r m p- k2 du Rep < 0 . 

(3.25) 



From Eq. (3.24) it is clear that the asymptotic be-
havior of cp(t) as oo is determined by the poles 
of cpp in the left half p plane. These poles are the 
roots of the equations: 

1 / F ( p ) = 0 (3.26) 
and 1 —F{p) = 0 . (3.27) 
From the expression of F(p) given by (3.25) it 
follows that (3.26) has a root at p = 0. The re-
sidue of this pole in the inverse L A P L A C E transform 
is a constant. Since the potential cp is defined only 
to within a constant, the constant from the residue 
of the pole at p = 0 can be omitted. For this reason, 
only the poles which are the roots of (3.27) de-
termine the asymptotic behavior of cp(t). 

For the following it is convenient to consider 
instead of the roots of 1 — F{p) = 0 , the roots of the 
equation p 2 ( l - F{p)) = 0. From Eq. (3.25) it fol-
lows that: 

p"(l — F ( p ) ) = p~ -f- Wp2 — I'™p2p2 dfoilp,k} L JI COP- P* 

nk2 du 
(3.28) 

In the lowest approximation we neglect the last term 
on the right-hand side of Eq. (3.28) and have for 
the roots of p 2 ( l — F ( p ) ) = 0 the equation: 

P k 2 = - a > p2 (3.29) 
with the two independent solutions: 

pt=±i(o p . (3.30) 
In the next higher approximation we substitute 

these values into the last term of the right-hand side 
of (3.28) and solve again for p 2 ( l — F(p)) = 0. 

The result is: 
i JI a»p2 d/0 (+ top/k) 

nk2 pt=± I E I (OR 1 + du (3.31) 

or if we expand the square root in (3.31) : 

? = ± It I (Ot Pk 

With 
d / . M = _ 

du 

we obtain: 
d/0(+ cop/k) 

du 

1 + 
1 JI cop2 d/p (+ (ov/k) 
2 n k2 du 

(3.32) 

]/2 JI ( A &>p) * ' E X P | 2 ( A ' O J P ) 2 } ( 3 - 3 3 ^ 

= + 
1 

]/2 JI k a3 o)p2 •exp 2 ( k a ) * } ' 

(3.34) 
Inserting (3.34) into (3.32) we then have: 

pt =±i(op[l±iVn/8(ka) - 3 - e x p { i ( M ~ 2 } ] • 
(3.35) 

We can also write instead of ( 3 . 3 5 ) : 

Pk — ± I < O P — 7 , ( 3 . 3 6 ) 

where 

Y = Y ^ / 8 ( J O P { K A ) - 3 - E X P { % ( K A ) ~ 2 } ( 3 . 3 7 ) 

is the L A N D A U damping constant. In Fig. 3 the loca-
tion of the poles for p 2 ( l — F ( p ) ) = 0 are shown in 
the complex p plane. 

P=Pk p plane 

P*Pk 

Fig. 3. Location of the poles of p 2 [ l—F(p)] = 0 in the 
complex p-plane. 

For p 2 ( l — F(p)) we thus can write: 

p 2 ( l - F(p)) = (p - P k + ) (p - p , " ) . (3.38) 

Or, since the pole at p = 0 is of no significance, we 
we can write instead of (3.38) with sufficient ac-
curacy : 

(1 —F(p))= - top-2 (p - pk+) (p - pk~). (3.39) 

For (pp we then have according to (3.24) : 
i u0m cop2 1 

<Pp= ~ ke (P-Pk+) (P-Pk~) (3.40) 

We should remark that <pp given by (3.40) is the 
analytic continuation o f : 

oo 
<pp= $<p{t) e'Ptdt (3.41) 

ö 
for Rep < 0. 

<p(l) is then obtained by the inverse L A P L A C E 

transform: 
+ i O O + E 

<p(t) = (1/2 Jii)j(pp ept dp 
— ioo + £ 

= _ i u0 m (Op2 f exp (pk+ t) exp (pk~ t) 1 ( 3 . 4 2 ) 
k e I pk*—pk~ pk~—Pk+ J ' 

But since 

Pk+ - Pk~ = 2 i (Op (3.43) 

we have: 

cp(t) = - W^e-^sincop t. (3.44) 



To obtatin from (3.44) the behavior of the elec-
tric field E we express E by <p with the help of Eq. 
(3.10). The result is: 

E(t) = - (m/e) u0 COP e~yt sin OJP t. (3.45) 

4. The Change in the Macroscopic Entropy 

To compute the change in the macroscopic entropy, 
defined by Eq. (2.34), we have to compute the 
quantities (u) and (u 2 ) . 

First we have: 
+ 00 

(u)p={l/n) jufpdu. (4.1) 
— oo 

Inserting expression (3.23) into (4.1) results in: 
+ 00 

/ \ 1 "o f d/o d " M 
\u/r=~ n i — F(p) j " du p + iku ' 

The integral 

du p + iku (4.3) 

must be analytically continued for R e p < 0 . The in-
tegral (4.3) is continued analytically in just the 
same way as integral (3.22). The analytic con-
tinuation is therefore carried out in such a way that 
the path of integration is deformed into a contour 
for which the pole at u = ip/k is always on the left 
side of the contour (see Fig. 4) . 

u plane 

u = i p / k 

u du +• 7i i Res du 

nip d/0(i p/k) 
kr du 

nip d/0 (i p/k) 
n k2 du 

d/p 1 
du p+iku (u = iplk) 

(4.4) 

Fig. 4. Deformation of the path of integration of (4.3) for the 
analytic continuation into Rep <C 0. 

The integral can therefore be evaluated in a simi-
lar way as the integral (3.22). Considering the case 
for k small, we expand the denominator of the in-
tegrand in (4.3) in powers of ikujp, and find that 
the value of the integral to the second order of k is 
effectively the sum of two parts: the value when 
A: = 0 plus one half the residue of the pole at 
u = i p/k. We therefore have: 

One easily verifies that J can be expressed by F(p) 
as follows: 

J = np F(p)/«p
2

. (4.5) 

We thus obtain for (4.2) : 

{u)p= - (uJwp2)-pF(p)l[l-F(p)]. (4.6) 

Or using Eq. (3.39) we may also write: 
(u)p = u0 pF(p)/[(p-pk+)(p-pk-)]. (4.7) 

For the inverse L A P L A C E transform again the poles 
with p = pf are the only ones of interest. We thus 
obtain: 

+ i oo + e 
{ u ) = ( 1 / 2 n i) J (u)p ept dp 

— i oo + s 
r n;.+ exp (p/.+ t) p!c~ exp (pk~ t) 1 ( 4 8 ) 

= Un I x 1 ^ +— . 
L Pic — Pk Pk ~Pk 

We substitute for pjr, in the numerators of the frac-
tions in the brackets, the lowest approximation, 

i i ojp , and have: 
{u)=u0 e~yt cos ojp t. (4.9) 

To compute (u2 ) we proceed in an indirect way 
making use of the fact that the energy of a particle 
moving in an electric field is conserved: 

^ m u2 - e <p= m u2 - e <p]f = o . (4.10) 

The expression on the right-hande side of Eq. (4.10) 
is a constant of the motion. The constant shall be 
evaluated from the values of (a 2 ) and <p at t = 0. 
From (3.44) it follows that 99(0) = 0 , therefore: 

^ m u2 — e (p—[b m u2]t = o . (4.11) 

By expressing cp with Eq. (3.11) we can write for 
(4 .11) : 

+00 

%mu2- \f(u,t) d u = [ | m a 2 ] f = 0 . (4.12) 
—00 

We multiply (4.12) on both sides by f(u, t) and 
integrate over u from — 00 to + 00 . We then ob-
tain: 

+00 +00 

—00 —00 = \ m(u2)t = o . (4.13) 
The product of the two integrals in (4.13) is the 

total electrostatic energy. From a well-known theo-
rem of electrostatics the value of this product is just 
half the value of the square of the integral, omitting 



the electrostatic selfenergy. Therefore: 
+ 30 +00 /+OO .2 
J / d u - J / d u ^ i J j du (4.14) 

—00 —00 \—00 / 

but since (+Ff(u,t) du ) = K4 <p2/(4 JI e)2 (4.15) 
\ — 00 / 

we have £ m ( u 2 ) — k2 cp2\8n n= \ m(u2)t=0 (4.16) 
or £ m(u2) + E2/8JIJI= £ m(u2)t = O . (4.17) 

From the generalized temperature defined by Eq. 
(2.30) we have: 

y.T = xT0 + m(u2) —m(u)2, (4.18) 
for / = 0 we have in particular: 

x T 0 = [ > i T ] t = () (4.19) 
therefore: (u2)t=0= (u)2t = 0 = u02. (4.20) 
From (4.17) follows therefore: 

m{u2) = m u02 — F2 /4 n n . (4.21) 

Or making use of (3.45) : 
m(u2) =m u02( \ —e~2yt sin2 cop t). (4.22) 

On the other hand from (4.9) it follows that: 
m(u)2 = m u02 e~2yt cos2 cop t. (4.23) 

Inserting (4.22) and (4.23) into (4.18) we fi-
nally have: 

xT = y.T0 + mu02(l-e-2rt) (4.24) 
which becomes 

T/T0 = e2(s-s0)/»* = 1 + (m uq2/y* T0) (1 - e~2yt). 
(4.25) 

At t = 00 all the energy is converted into thermal 
energy: 

y.Too = y.T0 + m u02. (4.26) 
In Fig. 5 a plot is given for the change in the 

generalized temperature as a function of time. 

Fig. 5. Time-dependence of the generalized temperature for 
L A N D A U damping of electrostatic plasma waves. 

From Eq. (4.25) we conclude that for L A N D A U 

damping the generalized temperature T is a steadily 
increasing function of time. The same applies to S, 
which is a satisfactory behavior for a quantity called 
entropy. 

We would like to add the remark that for an 
initial disturbance in the distribution function which 
has the form of a (5-function f(u, 0) =Ad(u — u0) 
one obtains the undamped V A N K A M P E N modes. Only 
in this special case T = const and therefore also 
S = const. 

Effects of Magnetic Shear on Density Gradient Drift Instabilities * 
K A Z U O K I T A O * * 

Institut für Astrophysik am Max-Planck-Institut für Physik und Astrophysik, München 

(Z. Naturforschg. 22 a, 1689—1700 [1967] ; received 23 May 1967) 

The amounts of magnetic shear necessary to stabilize density gradient drift instabilities are 
estimated for a plasma with 1 ß > m/M where /? = plasma pressure/magnetic pressure, m and M 
are the electron and ion masses. The stability criteria for electrostatic convective modes are shown 
to be slightly modified from those obtained previously for ß < m/M. For ß > m\M however, we 
must also consider unstable A L F V E N type modes. It is shown that the critical amount of magnetic 
shear is proportional to ß~x for the convective A L F V E N type modes and to ]//? for the non-convec-
tive modes. 

§ 1. Introduction 

Because of the necessity of stabilization of high 
temperature plasmas in thermonuclear devices, the 

* A preliminary report has been published in "Plasma Phys-
ics" 9 , 5 2 3 [1967]. 

** On leave of absence from Niigata University, Niigata, Ja-
pan. 
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